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in  which ca se  the ro t a t i on  is  affected but not the el-  
l ip t ic i ty .  While  th is  app rox ima t ion  a p p e a r s  s a t i s -  
f ac to ry  for s a m p l e  A, it  is  highly p robab le  that a 
c o r r e s p o n d i n g  t r e a t m e n t  for high conduct iv i ty  spec i -  
m e n s  would p roduce  a m a r k e d  effect on ~ as well  as 
on 0, p a r t i c u l a r l y  in the r eg ion  of a change of sign.  

We a r e  g r e a t l y  indebted  to Miss  J ane t  Webs te r  
for va luab le  d i s c u s s i o n s  and for c o n s i d e r a b l e  a s -  
s i s t e n c e  with the c o m p u t e r  p r o g r a m m i n g .  Thanks  
a r e  due a l so  to the U n i v e r s i t y  of London Compute r  
Unit  for the a l loca t ion  of compu te r  t ime .  The award  
of a D.S.I.R. R e s e a r c h  Studentship  is  g ra t e fu l ly  
acknowledged by one of us  (T.M.). 
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We show that  in  idea l  s a m p l e s  the nuc l ea t ion  of 
supe rconduc t ing  r e g i o n s  in d e c r e a s i n g  f ie lds  should 
a lways  occur  n e a r  the s u r f a c e  of the sample .  As a 
r e s u l t  the n u c l e a t i o n  f ie ld  is  not equal  to the I_andau 
va lue  1) Hc2 = ~¢~/2 H c (where x is  the Landau -Ginz -  
burg  p a r a m e t e r )  but  is  g iven  by Hc3 = 2.392 ×H c. 
Fo r  a s u p e r c o n d u c t o r  of the f i r s t  kind,  this  imp l i e s  
that  the va lues  of × de r i ved  f r o m  supe rcoo l ing  ex- 
p e r i m e n t s  m u s t  be  c o r r e c t e d .  For  a s u p e r c o n d u c t o r  
of the second  kind,  the c o n c l u s i o n  is  that  in  f ie lds  H 
be tween  Hc2 and Hc3 the re  r e m a i n s  a supe rconduc t -  
ing shea th  on s o m e  p a r t s  of the s ample .  

We d e r i v e  the n u c l e a t i o n  f ie ld  in the Landau-  
Ginzburg  reg ion .  The l i n e a r i s e d  equat ion to be so lv-  
ed is  (in the conven t iona l  no ta t ion  1)) 

1 [-ifiv- 2eA]2~+c~$  = 0 , (I) 
2m 

where H = curl A is simply the applied field. In con- 
nection with eq. (i) it is often convenient to intro- 
duce the characteristic length ¢(T) defined by 

h2 
~2(T) = - 2mc~ " (2) 

We a s s u m e  that a) ~(T) is  s m a l l  c o m p a r e d  to the 
bulk  d i m e n s i o n s  of the s a m p l e  2), b) the su r f ace  

pol ish  is  such  that the local  r a d i i  of c u r v a t u r e  of 
the boundary  a r e  l a rge  c o m p a r e d  with ~(T). This  
enab les  us to cons ide r  only the p r o b l e m  of a p lane  
boundary .  It wi l l  t u r n  out that  the f avourab le  s i tu -  
a t ion  for  nuc l ea t ion  o c c u r s  when the f ie ld  H is  
p a r a l l e l  to the su r f ace .  Thus  we take the bounda ry  
p lane  as  yOz ,  the f ie ld  being in the z d i r e c t i on  and 
the m e t a l  occupying the half space  X > 0. The half-  
space  X< 0 is  a s s u m e d  to be a vacuum or  an in -  
su la to r .  In this  ca se  the bounda ry  condi t ion  to be 
appl ied  to eq. (1) is ,  to a good a pp r ox i ma t i on  

2eAx 
[ ( - ih~-~-  c )¢]x=0 = 0 . (3) 

We choose the gauge A X = A Z = O, A y  = H X  and 
look for so lu t ion  of the fo rm * 

= f (x )  e iky . (4) 

Eqs.  (1) and (3) become:  

//2 d2f 1 
~ -  f = _ryf,  (5) 2m dx 2 ~ ~ [~k-  HX] 2 

* Taking ~ = e ik 'z  f(x,y) give an extra k '2 contribution to 
the value of -~. As we are interested in the lowest value 
of -~ we take k' 0. 
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d f / d x  = O, x = O, x = oo. (6) 

Eq. (5) is of the f o r m  of the Schr6d inger  equation 
for  a ha rmon ic  o sc i l l a to r  of f r equency  ~ = 2 e H / m c ,  
the min imum of the potent ia l  being loca ted  a t :  

~ c k  
X o  - 2 e l l  " (7) 

The wave funct ion is concen t r a t ed  in r eg ion  of 
d imens ion  ~¢(T)  a round  X o. When X o >> ~(T) the 
boundary  condit ion (6) is un impor tan t  and we find 
the usua l  h a r m o n i c  osc i l l a to r  so lu t ion :  

x ' (Y- X°~21 
f = e p [ - ~ t ~ - - ~ ,  j ,  (8) 

- ~  = ½1~¢v = e ~ H  (9) 
Jq'/C 

In the opposi te  l imi t  X o = 0, the solut ion (8) 
again appl ies ,  s ince  it s a t i s f i e s  (6) exac t ly ;  thus 
for  X o = 0 we s t i l l  f ind the e igenvalue  (9). 

We sha l l  now show that fo r  i n t e rm e d i a t e  values  
of X o the e igenvalue  is lowered  below the value (9). 
We r e p l a c e  eq. (5) (applying for  x > 0) and the 
boundary  condit ion (6) by another  Schr6d inger  equa- 
tion, applying for  _oo< x < 0% where  the potent ia l  
V(X)  is  s y m m e t r i s e d :  

V(X)  : 2 e l l 2  (X-Xo)2 (X > 0) ; 
m e  2 

0o) 

v(x)  = v(- x )  ( x  < o) .  

The lowest  e igenvalue  for  the potent ia l  V has no 
nodes ,  is  even, and thus sa t i s f i e s  au toma t i ca l ly  to 
condit ion (6). 

Fo r  X o > 0, V(X) < ( 2 e 2 H 2 / m c 2 ) ( X - X o ) 2  in al l  
r eg ion  X< 0. Thus  the lowest  e igenvalue  a s s o c i -  
a ted with V(X) is s m a l l e r  than the e igenvalue  (9) 
a s s o c i a t e d  with the potent ia l  ( 2 e 2 H 2 / m c 2 ) ( X - X o ) 2 .  
This  m e a n s  t h a t  n u c l e a t i o n  w i l l  be  e a s i e r  in  the  
v i c i n i t y  o f  the  s u r f a c e .  

The next  s tep  is to find the value of X o for  which 
the e igenvalue  is a min imum.  Using the var ia t iona l  
p r inc ip le  on the f r e e  energy ,  this m i n i m u m  condi-  
t ion can be wr i t t en  as  : 

ff2~ k _ 2 e l l  x ) d x  = 0. (11) 
C 

Eq. (11) shows that  in the op t imum s ta te  the 
o v e r - a l l  s u r f a c e  c u r r e n t  vanishes .  A detai led so lu-  
tion of (5) and (6) in t e r m s  of Weber  funct ions  shows 
that  the op t imum value of X o is  X o = tz2¢(T) the 
c o r r e s p o n d i n g  e igenvalue  being : 

2 e t iH  
- a  = # rnc (12) 

with/22 = 0.59010. The  coef f ic ien t  ~ is defined 
exac t ly  by the impl ic i t  equat ion 

f °°d/(2t-~) t -½+½#2 e -(t-/~)2 = 0 . (13) 
O 

Eg. (12) c o r r e s p o n d s  to a f ield Hc3 = 
(1//zz)~2k H c. This  comple t e s  our  d i s cus s ion  when 
the field is in the plane of the su r face .  

On the o ther  hand, when H i s  n o r m a l  to the s u r -  
face,  the Landau r e s u l t  (9) r e m a i n s  valid. We have 
not yet  p e r f o r m e d  the ca lcu la t ion  for  i n t e rmed ia t e  
angles ,  but a cco rd ing  to al l  indica t ions  the field 
will  va ry  smooth ly  with angle  between Hc2 and Hc3. 
The phys ica l  conc lus ions  a r e :  

1. Nucleat ion in an ideal  s p e c i m e n  will  a lways  
occu r  at the f ield Hc3 (higher than the Landau val -  
ue Hc2 = x~-2Hc) except  if s o m e  v e r y  spec ia l  s teps  
a r e  taken to avoid su r f ace  effects  (e.g., t e m p e r a -  
tu re  g rad ien t s  or  f ield inhomogenei t ies ) .  

2. Fo r  s u p e r c o n d u c t o r s  of the f i r s t  kind, s t a r t -  
ing f r o m  the exper imen ta l  va lues  of Fabe r  3) ( re-  
viewed by Lynton 1)) of the supercoo l ing  field we 
a r r i v e  at the following r e v i s e d  value of × : 
0.0153(A1), 0.066(In), 0.0968(Sn). The t heo re t i ca l  
va lues  der ived  f r o m  × = 0.96 (~L(0)/~o) (where 
kL(0 ) and ~o a r e  taken f r o m  speci f ic  heat  and 
anomalous  skin effect  m e a s u r e m e n t s )  a r e  1, 4) : 
0.01(A1), 0.051(In), 0.149(Sn). 

3. Fo r  s u p e r c o n d u c t o r s  of the second  kind, in 
f ie lds  H s u c h  that Hc2 < H <  Hc3 the re  will  be a 
superconduc t ing  shea th  nea r  the s u r f a c e  of the 
sample .  If the sample  is a long cy l inder  with H 
along the axis ,  the shea th  will  cove r  al l  the s u r -  
face  of the cy l inder .  If it is  a sphe re ,  the sheath  
will  be r e s t r i c t e d  to a s m a l l  band nea r  the equa- 
to r i a l  plane when H ~  Hc3  , but if H is d e c r e a s e d  
toward  Hc2 the sheath  will  p r o g r e s s i v e l y  extend 
up to the pbles .  

These  effects  may  explain s o m e  appa ren t  dis-  
c r e p a n c i e s  which occur  between magne t ic  flux 
m e a s u r e m e n t  of the t r ans i t ion  field (de termining  
Hc2 ) and r e s i s t i v i t y  m e a s u r e m e n t s  (de termining  
m o r e  o r  l e s s  Hc3 in s imp le  g e o m e t r i e s  such  as  
the cy l inder  d e s c r i b e d  above 5)). 

Of cou r se ,  in non- idea l  s a m p l e s  the vo lume 
defects  can a l so  pa r t i c ipa te  in the nuc lea t ion  p r o -  
ce s s .  

We end up with two r e m a r k s  
a) The  above ca lcu la t ion  is va l id  only when the 

superconduc t ing  m a t e r i a l  is s u r r o u n d e d  by an in- 
su la tor .  If the s u r f a c e  was coa ted  by a n o r m a l  
meta l ,  the boundary  condi t ion to be imposed  on 
the I_andau-Ginzburg wave function is  s t rong ly  
d i f ferent  f r o m  (3) and the nuc lea t ion  f ield is modi -  
fied. Calcula t ions  a r e  in p r o g r e s s  to inves t iga te  
this s i tuat ion.  

b) A v e r y  d i f ferent  s i tuat ion,  whe re  ~(T) is  
c o m p a r a b l e  to the s amp le  d imens ions ,  has  been 
ach ieved  in a r e c e n t  expe r imen t  by P a r k s  7) with 
a thin f i lm in a pe rpend icu l a r  field. The th resho ld  

307 



Volume 7, number 5 P H Y S I C S  L E T T E R S  15 December 1963 

\ 
8- - - 4 . ~  

\\ 
\\ 

7 -  \ 

• \ \  

\ 
\ 

\ \  

\U  .4.'z- .~± 

\\ 
, \ 

-- k\ 

~'4" / ! /" 

- -  ~ /  /1" i / /  

 Yb%" /I 
277/" Y 
" , f /  . '  b" ,'11" 

i 

s g ~ lo 

Vol~s o~ k .  E ~  14 
2~. 

Fig. 1. Variation of the nucleation field in a slab. 

f ie ld  can again  be d e r i v e d  f r o m  eq. (5), the bound-  
a ry  condi t ions  (6) be ing modif ied  to :  

(df/d,v) = 0 for  x = ± ½a 

(a is  the s a m p l e  t h i ckness ,  i .e . ,  in  P a r k ' s  expe r i -  
men t  the cy l inde r  d i ame te r ) .  We have a l so  ca l cu -  
lated this  case .  For  H <  H o (H o ~ 2.75 ~ o / ~ a  2) 
(where ~o = ch/2e)  we f ind that  the op t imum X o is  0: 
nuc l ea t ion  s t a r t s  s y m m e t r i c a l l y .  For  H > Ho, X o 
moves  toward the b o u n d a r i e s  and p r o g r e s s i v e l y  we 
r e c o v e r  the one boundary  s i tua t ion  d e s c r i b e d  above.  
The t h e o r e t i c a l  f ie ld  is  g iven on fig. 1. In p r a c t i c e  
P a r k s  o b s e r v e s  some  a n o m a l i e s  at H ~ 6 . 4 ¢ o / ~ a  2 

but  a de ta i led  i n t e r p r e t a t i o n  of his  r e s u l t s  should 
take into account  the (unknown) d i s s ipa t i ve  mech-  
a n i s m s  which a r e  r e s p o n s i b l e  for the f in i te  width 
of the r e s i s t i v e  t r a n s i t i o n .  

The p r e s e n t  work was in i t i a ted  dur ing  a v i s i t  of 
one of us (P. G. de Gennes)  at the U n i v e r s i t y  of 
Roc he s t e r  and he wi shes  to acknowledge in this  
connec t ion  some  ve ry  s t i mu l a t i ng  c o n v e r s a t i o n s  
with P r o f e s s o r  R. D. P a r k s .  We a r e  a lso  indebted  
to Drs  P. Noz i~res ,  G. S a r m a  and R. Pick  for  f ru i t -  
ful  d i s c u s s i o n s  on these  and r e l a t e d  topics .  
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S E M I M E T A L S  

Recen t ly  H a r r i s o n  1) has  p r ed i c t ed  a magne t i c  
f ie ld  dependence  of the ve loc i ty  of sound  in  m e t a l s .  
This  dependence  has  been  found e x p e r i m e n t a l l y  in 
m e t a l s  2) and a l so  in s e m i m e t a l s  3). H a r r i s o n ' s  
theory  is  val id  when the magne t i c  f ie ld  is  t r a n s v e r s e  
to the d i r e c t i o n  of pro,~agation of the sound wave.  
Rodr iquez  and Quinn 4) have a l so  t r e a t e d  the c a s e  
when the magne t i c  f ie ld  is  along the d i r e c t i o n  of 

propagat ion .  The purpose  of this  note  is  to point  out 
tha t  i n t e r e s t i n g  i n f o r m a t i o n  about the F e r m i  ve -  
loci ty can be ob ta ined  f r o m  the dependence  of the 
sound veloc i ty  s on the angle  be tween  the wave vec-  
tor  q of the sound wave and the magne t i c  f ield/-L 
The effect is  s i m i l a r  to that found in the u l t r a s o n i c  
a t t enua t ion  of s e m i m e t a l s  5, 6). 

In a paper  submi t t e d  for  pub l i ca t ion  e l s ewhere  7), 
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