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Abstract—The development of high-temperature superconduct-
ing (HTS) wires is now at a stage where long lengths of high
quality are commercially available, and of these, (Re)BCO coated
conductors show the most promise for practical applications. One
of the most crucial aspects of coil and device modeling is providing
accurate data for the anisotropy of the critical current density
Jc(B, θ) of the superconductor. In this paper, the in-field crit-
ical current density characteristics Jc(B, θ) of two commercial
HTS coated conductor samples are experimentally measured, and
based on these data, an engineering formula is introduced to repre-
sent this electromagnetic behavior as the input data for numerical
modeling. However, due to the complex nature of this behavior and
the large number of variables involved, the computational speed of
the model can be extremely slow. Therefore, a two-variable direct
interpolation method is introduced, which completely avoids any
complex data fitting for Jc(B, θ) and expresses the anisotropic
behavior in the model directly and accurately with a significant
improvement in computational speed. The two techniques are
validated and compared using numerical models based on the
H-formulation by calculating the self-field and in-field dc critical
currents and the ac loss for a single coated conductor.

Index Terms—AC loss, critical current density (superconduc-
tivity), finite-element analysis, high-temperature superconductors,
numerical analysis.

I. INTRODUCTION

R ECENTLY, the processing of high temperature super-
conducting (HTS) wires has developed such that long

lengths of high quality are available commercially, and of
these, (RE)BCO coated conductors show the most promise for
practical applications. The most significant characteristic of
a superconductor for practical superconducting devices is the
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maximum electrical transport current density it can maintain
without resistance, or its critical current density, Jc. The max-
imum allowable current of HTS tapes/coils determines their
safe operating margin, and in an HTS electric machine, for
example, determines the volume and power density of the
machine [1]–[3]. It is also expected that these materials could be
exploited at 77 K, the boiling point of liquid nitrogen. However,
these materials have presented a number of technical challenges
for scientists and engineers alike, including grain boundaries
and flux pinning, and the structural anisotropy, and therefore
have a complex anisotropic Jc [4]–[7].

One of the most crucial aspects of coil and device modeling is
providing accurate data for the anisotropy or angular dependence
of the critical current density Jc(B, θ) for the superconductor.
If this behavior is known in detail, it is possible to accurately
predict the critical current and AC loss of coils and other de-
vices. There are two methods—data fitting and interpolation—
to include the experimental data of the anisotropic properties
of a superconducting wire. Using data fitting, the authors in
[8] develop an elliptical fitting function for this purpose. In
[5], [6], the authors develop a method to describe a more
complex Jc(B, θ) with 11 parameters at low magnetic fields
(less than 0.21 T). In [9], the authors develop an alternative
method to combine mathematical functions and a one-variable
interpolation to achieve a fitting of a complex Jc(B, θ).

We are currently investigating the design of an all-
superconducting axial flux-type electric machine using HTS
materials in both bulk and wire forms [7], [10] and evaluat-
ing the performance of test HTS coils for this. As a starting
point, this involves carrying out the measurement of the in-
field critical current density properties of commercial HTS
coated conductor. The experimental data for the modeling in
this work comes from two short samples, measured at 77 K,
from longer spools of wire (approximately 20 m) manufactured
by SuperPower1 and used to wind the test coils. Firstly, the
basic properties and trends of the experimental data for these
two samples are described. Based on these two data sets, we
developed a method for data fitting and interpolation separately.
For the data fitting, we develop an engineering formula to

1SuperPower, Inc. [Online]. Available: http://www.superpower-in.com
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Fig. 1. Definition of the angular in-field dependence of the critical current
density Jc(B, θ).

Fig. 2. Comparison of the experimental (symbols) and numerical data fitting
(solid lines) for the angular in-field dependence of the critical current density
Jc(B, θ) for sample SP1.

reproduce the measurements accurately from 0 T to 0.7 T. For
the interpolation, we develop a two-variable direct interpolation
to include Jc(B, θ) completely and directly. This is a simple
and direct method, which avoids any complex data fitting and
mathematical calculations.

To validate these models, numerical analyses are carried
out using the H-formulation implemented in the commercial
software package, Comsol Multiphysics 4.3a.2 The numerical
results for the self-field and in-field DC critical current and ac
loss of a single wire are compared in detail, and a comparison
of the computational times required for each method is made.

II. EXPERIMENTAL DATA ANALYSIS

Both samples are SuperPower’s SCS4050-AP coated
conductor1 and labeled as SP1 and SP2. To measure the critical
current, each sample was cooled to 77 K by submersion in
a liquid nitrogen Dewar. The applied field was provided by
using a conventional iron-cored, water-cooled electromagnet.
The angular dependence of the in-field critical current of the
sample Jc(B, θ) is defined as shown in Fig. 1, where the
bottom surface is the substrate side. A voltage criterion of E0 =
1 μV/cm is used to define the critical current. The precision of
the rotation angle for the applied field is 10◦, with more precise
angles around θ = 0◦.

The experimental results for SP1 and SP2 are shown in
Figs. 2 and 3, respectively. The spool including SP2 was used
in the triangular, epoxy-impregnated coil presented in [7]. For
both samples, the magnitude of the applied field was varied
from 0 to 0.7 T in 0.05–0.1 T increments. The symbols in
Figs. 2 and 3 represent the measured experimental results and
the solid lines represent the numerical data fitting/interpolation.

2COMSOL, Inc. [Online]. Available: http://www.comsol.com

Fig. 3. Comparison of the experimental (symbols) and numerical data fitting
(solid lines) for the angular in-field dependence of the critical current density
Jc(B, θ) for sample SP2.

Fig. 4. Comparison of the experimental data for SP1 (solid lines) and SP2
(dashed line) for self-field and applied fields of 0.1, 0.3, 0.5, and 0.7 T.

It is interesting to compare the anisotropic properties of these
two short samples. Fig. 4 shows a comparison of the measured
data in self-field, and applied fields of 0.1 T, 0.3 T, 0.5 T and
0.7 T. Based on Fig. 4, it can be seen that the general trends of
the curves, related to the manufacturing process and pinning,
for the two samples are quite similar. There are three peaks at
approximately 0◦ (parallel to the tape face) and ±90◦ (perpen-
dicular to the tape face) for most cases. The minimum critical
current occurs at approximately −30◦ and asymmetric tape
behavior is observed between superconducting layer/substrate
field directions.

Considering these similar trends in the two samples, an
engineering formula can be developed for data fitting to input
these data into the numerical model. For the data fitting, the
basic form of the equation used is described by (1).

Ic(B, θ) =
Ic0(

1 +B
√
v(B, θ)2 cos2 θ + u(B, θ)2 sin2 θ/B0

)β

(1)

where Ic0 is the self-field critical current, B0 and β are con-
stants that depend on the material. Coefficients u and v are
functions of the applied field magnitude B and field angle θ,
and u and v are described by (2) and (3), respectively.

u(B, θ) = b(B) cos θ + c(B)θ + d(B) (2)

v(B, θ)2 = a(B)2, when θ ≥ 0

v(B, θ)2 = |f(B)(θ − θ0) exp (g(B)θ)| , when θ < 0 (3)
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where a− d, f , and g are the functions of the applied field
magnitude B, and θ0 is a constant, which again depends on the
material.

For SP1, we find B0 = 0.319, β = 2.405, Ic0 = 101.4, and
θ0=5. Because of the asymmetric tape behavior, the functions of
a−d, f , g should be considered separately when θ≥0 and θ<0.

For θ ≥ 0:

a(B) = 0.7174 exp(−0.9624B)− 1.567 exp(−32.3B) (4)

b(B) =−3.606 exp(−1.001B) + 5.353 exp(−12.93B) (5)

c(B) =−3.509 exp(−0.981B) + 5.818 exp(−13.41B) (6)

d(B) = 6.139 exp(−1.002B)− 8.715 exp(−13.96B) (7)

For θ < 0:

b(B) = 5.087 exp(−1.372B)− 21.69 exp(−37.35B) (8)

c(B) =−5.593 exp(−1.349B) + 20.09 exp(−34.71B) (9)

d(B) =−9.557 exp(−1.366B) + 33.77 exp(−36.22B) (10)

f(B) = 6.286 exp(−2.149B)− 15.94 exp(−29.13B) (11)

g(B) = 8.19 exp(−1.81B) + 1.004 exp(1.519B) (12)

Based on equations (1)–(12), the data is fit for SP1 as shown
in Fig. 2. It can be seen that our data fitting describes the
experiment Jc(B, θ) data very well from self-field up to 0.7
T.

For SP2, we findB0=0.5,β=1.446, Ic0=94.7, and θ0=2.7.
For θ ≥ 0:

a(B) = 1.15 exp(−0.4108B)− 1.831 exp(−19.68B) (13)

b(B) =−1.526 exp(1.625B)

+ 5.557 ln(B + 10−5) + 28.27 exp(−9.14B) (14)

c(B) =−8.954 exp(−0.4397B)+15.33 exp(−10.36B) (15)

d(B) = 15.61 exp(−0.4722B)− 23.38 exp(−10.77B) (16)

For θ < 0:

b(B) = 4.997 exp(−0.596B)−12.17 exp(−11.24B) (17)

c(B) =−6.042 exp(−0.547B)+13.88 exp(−12.63B) (18)

d(B) =−10.97 exp(−0.5825B)+22.62 exp(−13.62B) (19)

f(B) = 26.25 exp(−0.9123B)−41.28 exp(−13.54B) (20)

g(B) = 4.046 sin(1.882B)+54.94B exp(−8.025B) (21)

Based on equations (13)–(21), the data is fit for SP2 as shown
in Fig. 3, which again matches very well.

From the basic form of the formulae (1)–(3), the specific
parameters can be obtained by using a Matlab fit. Let us con-
sider SP2 as an example. Firstly, Ic0 = 94.7 A can be obtained

directly, and then by using a Matlab fit for the data at relatively
low magnetic fields (e.g., 0.05 T, 0.1 T, and 0.15 T), the constant
coefficients B0, θ0 and β can be obtained. Next, by using a
Matlab fit for all the experimental data, the other coefficients
a− d, f , g can be obtained by trial and error. Based on our
results, most of the coefficients a− d, f , g can be described in
the form m1 exp(n1) + m2 exp(n2).

Alternatively, an interpolation function can be used to de-
scribe the relationship between these coefficients and the ap-
plied field B. The two-variable direct interpolation method
proposed here is a simpler and more direct method, similar to a
look-up table. All of the experimental data can be input as a sin-
gle function, with two input variables B and θ, and one output
variable, the critical current density Jc, using a direct interpola-
tion, which is available in Comsol. This significantly simplifies
the process, and as shown later, dramatically improves the com-
putational time required. A similar kind of interpolation, using
one variable, has been applied in [11] for modeling the thermal
properties of bulk MgB2 superconductors.

Both the data fitting and two-variable direct interpolation are
valid and accurate methods to include the experimental data in
the model. However, accurate data fitting of complex Jc(B, θ)
behavior like this needs complicated mathematical functions.

III. MODELING AND SIMULATION

Now that the two methods to include the experimental data
have been defined, we should consider the accuracy of and
computational time required when used in a numerical model.
A 2D infinitely long model [12]–[15] is used to investigate
the electromagnetic properties of a single tape, based on the
H-formulation [12], [16]–[18]. The width of the tape is 4 mm
and the thickness of the superconducting layer is 1 μm. The
tape is surrounded by an air sub-domain. The real thickness
and width are modeled by the finite element method using
Comsol. A mapped mesh is used in the superconducting layer to
decrease the number of mesh elements [19] and a free triangular
mesh is used in the air sub-domain. Linear, curl-conforming
elements are employed for the entire model.

Similar to previous studies [12]–[15], [18]–[21] the govern-
ing equations are derived from Maxwell’s equations: Faraday’s
law (22) and Ampere’s law (23).

∇×E + dB/dt =∇×E + d(μ0μrH)/dt = 0 (22)

∇×H =J (23)

where H represents the magnetic field strength components,
J represents the current density and E represents the electric
field. μ0 is the permeability of free space, and for the supercon-
ducting layer and air, the relative permeability is simply μr = 1.
In the 2D infinitely long model,H=[Hx,Hy],J=[Jz],E=[Ez].

It is assumed that electric field Ez is parallel to the current
density Jz [12]–[15], [18]–[21] and the electrical properties of
the superconductor are modeled by the E-J power law [22],



6600906 IEEE TRANSACTIONS ON APPLIED SUPERCONDUCTIVITY, VOL. 26, NO. 3, APRIL 2016

Fig. 5. Comparison of experimental results (lines), simulation results with data
fitting (open symbols), and simulation results with the two-variable interpola-
tion (closed symbols) for sample SP1.

in (24). The relationship between the critical current density
Jc(B, θ) and the critical current Ic(B, θ) is given by (25).

E =

(
E0

Jc(B, θ)

) (
|J |

|Jc(B, θ)|

)n−1

J (24)

Jc(B, θ) =
Ic(B, θ)

S
(25)

whereE0 is the characteristic electric field 1 μV/cm and S is the
cross-section of the superconducting layer. For HTS materials,
n is usually within the range of 5 (strong flux creep) and
50 (limiting value for HTS and LTS materials) [18], [22]. When
n > 20, (24) becomes a good approximation of Bean’s critical
state model [24]. Therefore, in this paper, we assume n = 21.

The magnitude, B, and orientation, θ, of the magnetic field
can be expressed by (26) and (27).

B =
√
B2

x +B2
y (26)

θ = arctan

(
By

Bx

)
(27)

where Bx,y = μ0μrHx,y.
For the non-superconducting air sub-domain surrounding

the superconducting layer, a linear Ohm’s law is considered,
E = ρJ , where ρ = 1 Ω · m is a specific, high constant resis-
tivity for air.

Integral constraints are applied to the superconducting layer
to represent the particular transport current flowing in the
superconducting tape. A transport current Is through the cross-
section S of the tape is therefore described by (28) [20].

Is =

∫
J · dS (28)

The calculation of the ac loss [J/m/cycle] of the supercon-
ducting tape in the 2D infinitely long model can be expressed
as (29).

AC loss =

T∫
0

∫
E·J dS dt (29)

where T is the period of one cycle.

Fig. 6. Comparison of experimental results (lines), simulation results with data
fitting (open symbols), and simulation results with the two-variable interpola-
tion (closed symbols) for sample SP2.

IV. RESULT AND DISCUSSION

A. In-Field DC Critical Current Calculation

A comparison of the numerical simulation results for the self-
field and in-field DC critical currents for the short samples SP1
and SP2 using the data fitting and two-variable direct interpo-
lation methods are shown in Figs. 5 and 6, respectively. Some
particular angles of the applied magnetic field are chosen: 0◦

(parallel to the tape face), ±30◦ (roughly where the minimum
Ic occurs) and ±90◦ (perpendicular to the tape face). Except for
the method of including the experimental data for Jc(B, θ), all
the settings for these models are the same.

Based on Figs. 5 and 6, it can be seen that our simulation
results by data fitting and two-variable direct interpolation are
consistent with the experimental results, so their accuracy is
validated. There is a slight difference between the simulation
and measurements in self-field (i.e., 0 T) because no correction
is made for the effect of the self-field in the simulation (see
[5], for example). However, these errors are no more than 5%
for our cases and this is not considered too important since
in most practical applications the magnetic field seen by the
superconductor is usually much greater than the self-field, such
as in HTS coils for electrical machines.

To assess the computational speed of the two methods, the
time required to solve each set of model parameters for the data
fitting and two-variable direct interpolation methods is shown in
Table I. The simulations were carried out using a desktop com-
puter with an Intel i7 3.20 GHz processor and 16 GB of mem-
ory. Table I shows the computational time for the models for the
short sample SP1 at applied field angles of 0◦, ±30◦, and ±90◦.
Very similar results were observed for SP2, the results for which
have been omitted here. DF represents the data fitting method;
INT represents the two-variable direct interpolation method.

From Table I, it can be seen that the computational times for
the two-variable direct interpolation are all of the same order for
all cases and vary between 300 s to 679 s. For the data fitting
method, the computational time varies greatly depending on the
angle and magnitude of the applied field, but is significantly
slower than the interpolation method, varying from around five
times slower (±90◦) up to over 100 times slower (0◦). Hence,
the two-variable direct interpolation is not only much faster,
but much more consistent in terms of model convergence and
solver time.
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TABLE I
COMPUTATIONAL TIME REQUIRED TO CALCULATE THE IN-FIELD DC
CRITICAL CURRENT USING THE DATA FITTING AND TWO-VARIABLE

DIRECT INTERPOLATION METHODS FOR SHORT SAMPLE SP1
AT DIFFERENT APPLIED FIELD ANGLES. ALL VALUES

ARE GIVEN IN UNITS OF SECONDS (s)

Fig. 7. Comparison of ac loss of sample SP1 by three methods.

B. AC Loss Calculation

Another important reason to include accurate experimental
data for Jc(B, θ) is to calculate the ac loss of HTS tapes
and coils. AC loss is an important problem for HTS devices
exposed to a time-varying current or magnetic field, which can
directly influence the refrigeration load and therefore decrease
the overall device efficiency and increase the complexity of
design [3].

To verify the model, the AC loss calculation of a single HTS
tape in self-field is compared to Norris’s analytical solution
[25] for the engineering formula and the two-variable direct
interpolation for a frequency of f = 50 Hz. The current is
varied between 0.1 Ic and 0.95 Ic where Ic represents the self-
field DC critical current of the tape. The ac loss results are
shown in Figs. 7 and 8 for samples SP1 and SP2, respectively,
and it can be seen that the ac loss calculation is consistent for
both methods. The slight difference between the engineering
formula/interpolation and Norris’s analytical solution arises
because Norris’s analysis assumes a constant Jc and does not
take into account the in-field behavior.

V. CONCLUSION

In this paper, the angular dependence of the critical current
density for two samples of SuperPower’s SCS4050-AP coated

Fig. 8. Comparison of ac loss of sample SP2 by three methods.

conductor is measured and compared. Based on this experi-
mental data, the asymmetric Jc(B, θ) behavior is input into
numerical models using two methods: data fitting using an
engineering formula, and a simpler and more direct method
using a two-variable direct interpolation. The numerical mod-
els, which are based on the H-formulation and implemented
in Comsol Multiphysics, are used to verify the effectiveness
of the two methods to calculate the in-field DC critical current
and the ac loss for a single tape. It is found that two methods
are both accurate, but the two-variable direct interpolation is
significantly faster than the data fitting method using an engi-
neering formula, in some cases up to over 100 times faster. The
direct interpolation method is therefore recommended as the
best method to include anisotropic Jc(B, θ) behavior to model
HTS coated conductors in finite element models to achieve
accurate, effective and efficient results.
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