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Abstract

There is currently no consensus on how best to parameterize the large
volume of data produced in measuring the magnetic field (B), temperature
(T) and strain (¢) dependence of the engineering critical current density
(Je(B, T, &)) for A15 superconducting strands. For the volume pinning force
(Fp) and the upper critical field B, (T, &), we propose

Fo = J(B, T, &) x B = a(@)[Te(e)(1 — )P
[Bey(T, 8)I" 2 : :
—==———bP(1 - b)? and Bea(T, &) = Bea(0, &)[1 —¢¥

a6 ) 2(T, &) = B2 (0, )[ ]
given b = B/Bey(T, &) and t = T/T(e) where Te(e) is the critical
temperature. Fp (or Jg(B, T, ¢)) includes three strain-dependent variables

a(e). B,(0, &) and T-(¢) and four constants, n, p, g and v. The form is

different to that proposed by Summers ef al by a factor T@_ (). We suggest

that the form is sufficiently general to describe superconductors whether the
electron—phonon coupling is weak or strong and find that a(¢) is
proportional to

oy (&)
[1- (3% -353)]

knTcle)

where A(g) is the superconducting gap and y(g) is the Sommerfeld
constant. Comprehensive Jg(B, T, ¢) data are presented for a modified
jelly-roll (MJR) Nb3Sn conductor that are consistent with the form proposed
withn~3,p= %, g =2 and v = 1.374. Hence the scaling law proposed
leads to a critical current density for the MJR Nb3Sn given by

Ma(s)
21 D)2 g

12

Je(B, T, &) = ML) = PP B, (., ob™ P — b2

Comparison with data in the literature suggests that a(g) ~ 3 x 1073 gy (¢).
Furthermore, the volume pinning force (Fp(s/c)) within the Nb;Sn
superconducting filaments alone can be described in terms of

0953-2048/03/091097+12830.00  © 2003 IOP Publishing Ltd  Printed in the UK 1097



S A Keys and D P Hampshire

superconducting parameters in the form
. BXNT, &)
PS/O 100 (27 ©9) V212013 (T &)
where « (7, &) is the Ginzburg-Landau parameter.

b]/2(1 . b)2

1. Introduction

Scaling laws have proved uscful for describing the magnetic
field and temperawre dependence of the engineering critical
current density (Jg) of superconductors for more than 30
years [1, 2). Theoretical work {3, 4] and experimental data
[5-10] have heiped encapsulate the concept of pinning sites
and contributed to improved processing of superconducting
materials. With the development of large superconducting
magnet systems, the effects of strain and irradiation damage
on some superconducting properties have been measured and
attempts made to include them in the scaling laws [5, 6,
8, 11]. The original measurements, by Fietz and Webb
[1], of the field and (emperature dependence of Je(B, T)
were parameterized in terms of a volume pinning force (Fp).
Subsequently, the effect of strain was measured, most notably
the comprehensive Jg(B, £) measurements at 4.2 K by Ekin,
and parameterized using a scaling law of the Fietz—Webb
type [S, 6]. A somewhat different approach by Hampshire
et al parameterized comprehensive Jg(B, T) data [or Ta
doped NDbzSn {7] by including the temperature dependence
of the Ginzburg—Landau parameter (x). Summers er al
found empirical forms for Be; and « and endeavoured to
unify the scaling laws for Jg(B, T) data and Jg(B, ¢) data
with a view to describing the effect of irradiation damage
on Jg (8, 11]. Summers’ formulism was developed before
comprehensive varable strain Jg(B, T, &) measurements at
temperatures other than 4.2 K were available and slightly
modified versions are probably the most widely used now
to parameterize large data sets (12, 13]. Measurements oo
bronze-route NbaSn that were analysed within the Fietz—Webb
framework have shown that Jg(B, 7) data at fixed strain gives
a differcnt scaling law to that found from Jg(B, ) data at
fixed temperature [14, 15]. This inconsistency implies a
physical interpretation of the free parameters obtained using
a standard Fietz—Webb scaling law (i.e. without k(7. &)) is
questionable so that at best the free parameters provide an
empirical parameterization. Recently, the authors of this
current paper have published comprehensive Jg(B, 7, ¢) data
for a technological NbjAl [16] strand which provided a unified
scaling law that describes strain and temperature scaling and is
consistent with the Jg(B, T) data for bronze-route (Nb, Ta);Sn
[7]. The inconsistencies between parameterization of variable-
temperatore and variable-strain data [14) were resolved by
extending earlicr work to incorporate the strairn as well as
the temperature dependence of (7, ) within the Ginzburg—
Landau framework (17] and microscopic theory [18]. The
current paper uses the unified scaling law 1o describe new
comprehensive Jg(B, T, £) data on a modified jelly-roll (MIR)
Nb3Sn strand. It is shown that the form of the scaling law can
be justified in both the weak and strong-coupling limits. The
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scaling law includes a physical interpretation for the strain-
dependent free paramcters so one can expect it to aid in
describing the effect of radiation damage on Jg as more such
data become available,

Furthermore, regardless of how much (or even whether)
the scaling laws are properly understood, the engincering
community has continued developing superconducting
magnets for cryocooled systems, particle accelerators and
Tokamaks [19]. Our group has put significant effort into
obtaining comprehensive Je(B, 7. &) data for a range of ALS
superconducting strands [14-16, 20-22). These data are
required to model and optimize the design of magnet systems.
Since to our knowledge, there is no consensus on how best to
parameterize such data [ 1, 23], ascaling law (or at least some
agreced mathematical framework) is required: to accurately
describe Je(B, T, ¢); to avoid introducing errors that can
occur when transferring or analysing large amounts of data;
to facilitate comparison of data from different experimental
groups over a range of parameter space rather than simply
at a single magnelic field or strain as at present and to aid
improvement in modclling the properties of developmental
high field superconducting strands. This paper uses the unified
scaling law to parameterize the new data for MJR Nb3Sn,
provides a comparison with equivalent results for NbzAl and
compares the Jaw to that of Summers et al.

2. Experimental details

The strands examined in this work were 0.5 mm diameter
modified jelly-roll Nb;Sn with niobium diffusion barriers [24].
The preparation of the samples and the subseguent variable
temperature measurements broadly followed the methods
described in previous reports on the effect of hot isostatic
pressing on the strain tolerance of these wires at 4.2 K and of
comprehensive Jg(B, 7. £) measurements on NbsAl [16, 21].

Two nominally ideatical samples were reacted together on
oxidized stainless-steel reaction mandrels under argon using
the manufacturers recommended heat-treatment: 210 C for
100 h followed by 340 °C for 48 h and finally 650 °C for 180 h.
Each sample was then carefully transferred onto a dedicated
Cu-Be spring and soldered to it. Four-terminal critical current
and resistivity measurements were made (25). Strand 1 was
measured directly immersed in liquid helium at 4.2 K in the
strain range —2.15% < & < 0.45%. Strand 2 was measured at
temperatures above 4.2 K in the range 4.2 K < 7 < 20 K for
strains of —1.6% < ¢ € 0.45%. Both strands were measured
in fieldsup o 15 T.

The apparatus has been described in detail elsewhere
{16, 20]. During the critical current measurcrents, the current
flow direction ensured that the Lorentz force produced on the
wire in-field pushed the strand into the spring. Both tensile



Je(B, T, ¢) in a Nb3Sn srand

and compressive strain were applied to the strand by twisting
one end of the spring with respect to the other [26]. In these
measurements, the spring is inside an isolated enclosure and
surrounded by a single heater which was used in a feed-back
loop with a Cernox control thermometer to set and controt the
temperature of the strand during the measurements {27, 28].
The Cernox thermometer was calibrated commercially in zero
field and the (small) in-field correction measured in-house and
accounted for in setting the temperatuore [16]. The Cernox was
mounted directly next to the section of the strand measured.

The procedure to take the measurements was as follows:
the strain was set to the value required. Measurements were
made of the critical current (Ic) as a function of field at ail
the temperatures required. For strand 2, measurements of
the magneto-resistance of the wire and shunt were then made
above Be; (l.e. in the normal state) in the range 5-20 X.
Ic was recorded at a criterion of 10 2V m~". Resistivity
measurements were then made at fixed fields from Qto 15T
every 3 T as a function of temperature. The measurements
were made using a lock-in amplifier operating at 76 Hz. Data
were obtained at two different excitation currents: 82 mA and
28 mA. The strain was then set to the next required value by
twisting the spring and the serics of in-field measurements
repeated until all the data were obtained. All currents quoted
in this paper have had the magnetic-field and strain-dependent
cunvent that flows in the shunt (approximately [3 mA ai
10wV m™') subtracted from the tota] current in order to
calculate /¢ for the superconductor alone. Critical current
density (Jo) and the engineering critical current density (Jg)
arc both widely and interchangeably used in the literature.
This paper uses Jg which is defined as the critical current (/c)
for the strand divided by the entire cross-sectional area of
the strand. Jg is the useful engineering parameter although
it igoores the fact that the supercurrent is predominantly
confined to the superconducling cross-sectional area of the
composite. Furthermore, the units for strain are expressed
throughout in per cent (%) which again is most commonly used
amongst the engineering and magnet technology community.
Unfortunately, using natural or dimensionless units introduces
a series of very small numbers for the magnitude of the
applied strain and very large numbers required to describe
strain dependencices of the ceitical parameters which together
mitigate against accurate parameterization.

3. Scaling law for Je(B, T, €) data

The basic equation that describes the scaling of the critical
current density includes the volume pinning force (Fp) and is
given by

Fp:JEXB:CbP(l*b)q (])

where b is the reduced field (B/Be), and p and ¢ are constants.
Fietz and Webb first proposed this equation to describe Lthe
magnetic field and temperature dependence of Fp. It describes
the data for many low-temperature type-II superconductors
[1.4,29, 30]. They proposed that the prefactor was given by

C = ABZ, @)

where A and n are constants. However, 10 order (o describe
the effect of strain on the critical current density accurately

(and unify the strain and temperature scaling laws [14]), the
parameter 4 must be made a function of strain {5, 14, 31]:

Fp= Jg x B = A(e) Bey(T. £)bP (1 — )7, 3)

For fow-temperature A1S conductors, the upper critical field
data can be parameterized using the ewmpirical equation
(32, 33]:

Bex(T, &) = Ba(0, &){1 —17) 4

where + = T/Tc(e). Bg,(0,8) and Te(e) are the strain-
dependent upper critical ficld at 0 K and the critical
temperature respectively and v is a constant. Hence to
parameterize Fp (or Je(B, 7, £)), therc are three strain-
dependent variables A(eg). B, (0,e) and T-(g) and four
constants, 1, p, g and v.

One can also consider a scaling law of the form which
explicitly includes the Ginzburg—-Landau parameter (x(7, ¢))
(7, 16]:

[Bey(T. &))"

Q27 D) 2ol (T, )™
where A*(g) i1s a function of strain alone. Previous work
utilized an expression for « in the weak-coupling limit (7, 16].
In this work, we consider the cffect of strong-coupling terms
on x. In order to accurately derive the relevant generalized
BCS relations to include strong coupling, numerical solutions
of the complete Eliashberg equations are required [18].
Approximate expressions have been derived in the literature
using the strong- coupling variable Tc/wi,, Wwhere wy, is
the Allen-Dyncs expression for the average phonon energy
{34, 35]. However, we consider describing the strong-coupling
corrections in terms of the BCS ratio 2A /kgT¢ which has the
value 3.5 for weak coupling [18] and is higher when materials
are strongly coupled (e.g. Al ~ 3.5, Nb ~ 3.9, NbaSn and
NbsAl ~ 4.6) (35). Following the spirit of the work by
Moore ef al [36], we describe the Eliashberg solutions by
linear equations using the data from Marsiglio and Carbotte
[35]) and suggest that the BCS relations in the strong-coupling
limit can be reasonably approximated by

Fp=A4%(¢) bP(1 — b)? (5)

2A 7
=3.53+735-% (6)
kgTc Wia
and
T2 T
BOC g -310-5 10
B&(0) Win
where y is the Sommerfeld constant. Rearranging, we find

0.6y y T,

[1-4 (& - 3.53)]1/2

where the denominator is the strong-coupling correction
[37].  Using the two-fiuid model for the temperature
dependence B¢ (T, £) = Be(0, £)(L — 1] and the Ginzburg—
Landau relation for the upper critical field Beo(T,€) =
V2(T, &)Be(T, £)[17, 38), an empirical relation for ¥ which
includes strong-coupling corrections is found of the form
(T, &) = Bex (T &) 03— By (T ¢)

o Y1) Te@)[1 ~ 1)

Be(0) =

8

2Be(T. )

1/ 24 12
x {1 -3 (kBTC‘ —3.53)} . (9)
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Figure 1. Eleciric field—current density charactenstics for zero
applied strain at 4.2 K Tor the NbsSn strand. The data demonstrate
that, independent of criterion, Jg is reversible. The strain was cycled
as detailed in the legend.

Substituting into equation (5) gives

[Be (T, )"

—t bl (1 - b)?
Q2 @g)' 2o ( ‘

Fp = a(e)[Tee)(1 — )" (10)

where

w

oy (€)

1061~ 4 (25 —3.53)]

It is worth noting that were the non-linearized forms for
the BCS relations in the strong- coupling limit vsed, it would
not affect the form of equation (10). Hence in rewriting
equation (5) in the form given by equation (10). the main
assumptions are that x in equations (5) and (9) are the same
[39], the general validity of the Ginzburg-Landau formulism
and the two-fivid form for Be(7, ¢). In order to understand
the focus for this paper, one should also note that although
equation (10) is more complex than equation (3), in the context
of Je(B, T, &) dala, the constant m is the only additional free
parameter and that to first order, the strong-coupling correction
only affects the strain dependence of a(e).

ale) = A*(&)

(1

4. Results

4.1. Engineering critical current measurements

Figure ] shows typical electric field—current density data for
strand 1 at 4.2 K and 0% applied strain. Two data sets
are shown-measurements taken in the initial state before
any strain had been applied (ie. & = 0%) and after a
cycle to 0.45% applied tensile strain. Horizontal lines on
the figure show the conventional criteria used to define the
critical current at 10 and 100 1V m~™'. Tt can be seen
that the critical cwrent density is reversible over the strain
range shown independent of the criterion used to define it.
Figure 2 shows the engineering critical current defined at
10 £V m~" as a function of magnelic field and strain ac 4.2 K
(strand 1) and 10 K (strand 2). On applying tensile strain,
the critical current first increases, reaches a peak and then
decreases. The standard interpretation is that the composite
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Figure 2, Engineering critical current density at a criterion of

10 £V m™" as a function cf applied strain and magnretic field at4.2 K
(upper) and 10 K (lower) “or the Nb3Sn strand. The solid lines are a
guide to the eye.

wire puts the superconducting filaments under precompression
when cooling down to cryogenic temperatures. The critical
current monotonically decreased on applying compression.
Hence these comprehensive data sets show similar trends to
equivalent data in the literature on other strands (6, 14, 16, 21).

4.2, Resistivity measurements

Figure 3 shows typical resistivity data that can be used to
find an estimate of the upper critical field which can be
parameterized using equation (4) [32, 33]). If the upper
cntical field is defined al 5% of the normal state resistivity
(Bég/""N(T, 8)) and measured using an excitation current of
28 mA, scaling is observed as shown jn figure 4 where v ~ 1.
A similar value for the exponent v is found whether S0% py or
95% px is used to define the upper critical field.

5. Analysis

5.1. The magnetic field dependence

The Jg(B, T. £) data were first analysed using the resistivity
data to constrain the upper crtical field—fotlowing the work
on Nb3Al[16]. If the upper critical field is fixed at 5%px, then
over the range of strain measured p varies in the range from
0.2 to 1.25 and g varies from ~2 to 3.5. Larger variations
of p and ¢ were found when defining the upper critical field
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Figure 3. Normalized resistivity as a function of temperature in an
applied field of 0, 3, 6. 9. 12 and 15 T at zero applied strain (¢ =
0%) for the NbySn strand. Dara are shown for a cugrent of 28 mA
(open) and 82 mA (closed). The horizontal lines show the different
criteria used to determine upper critical field.
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Figure 4. Reduced upper critical field as a function of reduced
temperature and applied strain for the ND2Sn strand. The upper
critical fic)d was determined at 5% of the normal state resistvicy.

at 50% pn and 95% px suggesting that in order to find constant
values for p and g (i.c. good Fp scaling), a value of B¢, below
the resistive transition is required. Hence unlike the Nb3Al
strand [16], there is no clear evidence for Fp scaling using
any feature of the resistive measurement of Bry. Indecd,
the variations in p and ¢ suggest that the characteristic upper
critical field required for good Fp scaling occurs at magnetic
fields below the percolation limit. Hence contrary to the
expectation that for a homogeneous material, resistivity data
give the value for Bes, in this NbsSn MJIR inhomogencous
composite the characteristic By required for good Fp scaling
occurs helow the resistivity transition at ficlds when Jg is not
zero. When the value of B¢, 1s set to below the resistivity
transition, typical values of g approach 2 which suggests
that Kramer values of p and ¢ (‘5 and 2 respectively) can
provide good fits to the data. Figure S shows the Ju(B, T, ¢)
versus magnetic field data plotted on Kramer plots at strains
of 0.45%, 0%, —0.67% and —1.35% (30, 40]. For critical
currents above 5 A, in the technologically important applied
strain range —0.45% < & < +0.45%, the Kramer functional

form fits the data reasonably well—typically with an error less
than 1 A. At high compressive straing, the Kramer fits are
less good for Ie < 5 A—in particular there is a large high-
field ‘tail’. Of course, nat all Nb3Sn or AlS materials obey
the Kramer law (41, 42]. Figure 6 shows the upper cntical
field (BE™(T, £)) derived from the intercept of the Kramer
straight lines extrapolated to zero current density. Good
scaling of Bg;‘m”(]‘, £) is observed given by equation (4) with
v = 1.374. Comparison between the different temperature
dependencies of the scaling law for By (i.e. v) shown in
figures 4 and 6 shows how strongly the upper critical field
depends on the criterion used to define it. The applied strain
dependence of the normalization constants, ng’*m“((). £) and
TXA™r(g) used to obtain the scaling in figure 6 are shown
in figare 7. Figure 8 shows that BE*™7(0,¢) is a linear
function of TX™™ (¢) for both Nb;Sn preseoted in this paper
and the Nb3Al measured previously {16]. Tn conjunction with
equation (4) (cf figure 6), these linear equations can be used
o find a general wmperature-dependent empirical form for
BE™ (T €) in terms of TX™™(¢) that leads, for example,
at 0K to l;i;}m%
relation between the normalized BE, (4.2 K. &) and normalized

. . AR (4.2 Kie~Emu) ~
* . o aQ
T2 (e) which can written as Lﬂ_ﬂ&(swm) = 3.5 {6].

= 3.85 and can be compared to Ekin’s

5.2. The temperature and strain dependence

5.2.1.  The exponents n and m. Figure 9 shows the
temperature and applied strain-dependent prefactor C(7, ¢)
from equatjon (1). The values of C(T, &) are normalized by
their maximum value at each temperature and then log(C(7, €))
is offset from the preceding temperature by 0.2. The values
of BC'%“”‘“"(T. ¢) are also nonmalized at each temperature by
thelr maximum value at each temperaturc. There is very
clear curvature in the data in figure 9 which compromiscs
the accuracy of any paramelerization using a simple power
Jaw of the form given by equation (2). At low temperatures,
the gradient of the lines increases by more than a factor
2 as Béi“”‘”(’]‘,g) decreases. At the highest values of
B(g“‘“‘e’(T, ), the gradient of the data at each temperature
increases as the temperature increases. Both these features
of the data found here for MJIR NbaSn were observed for a
bronze-route Nb3Sn wire, such that the exponent for By is
different (i.e. inconsistent) for variable temperature data at
{ixed strain and variable strain data al fixed temperature. This
led to the parameterization of C(7. &) given in equations (3)
and (10) [14, 16, 43].
Comparing equation (1) with (10) gives

Beo(T, &) ] o )[BCZ(T. &))"

Te(e)() —17) 2 @) 2 g (12)

C(T,g)[

In figure 10, logC(T,s)[,]TB((;‘%]m is plotted versus log
Beo(T, ¢) for values of m = 0, 2 and 4. For all panels in
figure 10, the scatter increases when Be, drops to a few
tesla. Despite the scatter, in the low-B¢; range there is a clear
downward trend in the top panel and a clear upward trend in
the bottom panel. The best straight line occurs when m = 2
whereas when m = 0 the data are concave. This shows
that the Jg data are better parameterized by equation (10)

than by equation (3). At each strain the data for m = 2
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have been fitted by straight lines using least-sguares and the
gradient and intercept used to determine the exponent » and
the value of «(s). For the technological range of applied
strain 0.45% < £ € 0.45%, n = 2.53 4 0.06. For thc whole
strain range (i.e. the entire data set) n = 2.73 & 0.24. The
equivalent numbers for m = 0 are 2.36 £ 0.10 and 2.54 £ 0.24
respectively, Figure 10 shows that when paramcterizing data
Iimited to a small range of B~T—¢ phase space. one may find
a relatively Jarge range of values for m that will fit the data
equally well—indeed the best value for m will vary depending
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on the details of the weighting (e.g. whether percentage error,
least-squares or absolute differences) for the fit procedure used.
Nevertheless, given the results presented here, and that the
work on Nb3Al [16] and (NbTa)3Sn [7) found that m ~ 2, we
propose eliminating m as a frec parameter by setting m = 2
and pararneterizing the data using
Fp=Jg(B,T,5) x B
2 [B(_‘z(T- 5)])“'2
(27 ©o) 219
where Beao(T, ¢) is given by equation (4). Fp includes three
strain-dependent variables a(#), B, (0. ¢) and 7(¢g) and four

Il

a (&) Te(e) (L - )] BY(L=b)!  (13)
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shown that have been calculated using data previously published
from our group [16].
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against upper critical field as a function of applied strain at different
temperatures derived from a Kramer analysis of the Nb:Sn strand.
Cy and B3y ave the maximum values for the prefactor and upper
critical field respectively. The dara ac different temperatures have
been oftset by log C = —0.2.

constants, n, p, ¢ and v. Equation (13) is equivalent to

Je(B, T, ) = a(&)[Te(e)(L ~ 1))
[Bey (T, )"

bPH — b)Y,
(21 Py)* 2o ( L

(14)

5.2.2. The strain-dependent variable a(¢)—strong coupling,
24 /kgTc and the Sommerfeld constanr y(r). In the seminal
work by Dew-Hughes [4). the parameter A* (equation (5))
is dependent only on the microstructure—independent of
temperature, strain and magnetic field. In order to consider
whether this is true for the MJR NbsSn presented here, we
need to know the strain dependence of 2A /kg7¢ and y(g).
Excensive work by the scientific community (¢ understand
both the applied and fundamental properties of Nb3Sh means
that we can start to address these issues, in contrast to
say NbiAl where data giving the effect of strain on these
fundamental properties (in off-stoichiometric inaterial) are
sparse. The change in 2A /kg7¢ as a function of T¢ has been
measured in Nb3Sn films of different tin content which pave
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Figure 10. Log-log plot of C(7, s)[r—'g(ﬁi)%%—)]"'versus the upper
cled=
critical field generated from the Kramer analysis of the data for the
Nb;Sn strand. Values of m = 0 (upper), m = 2 (middle) and m = 4
(lower pancl) have been considered. Note the distinet curvature in
the dats for the upper and lower panels at jow vajues of By in
contrast to the good linearity found for the data when m = 2.

2A/kpTe = 4.45 and 3.5 when T¢ = 17.7 K and 144 K
respectively [36]. This gives ~20% reduction in the strong-
coupling coutribution to «(g) as Te drops in compressive
strain to —1.6% [36]. However, there are concerns about
these measurements because the gap measurements were made
using tunnelling but the T¢ measurements were made using
(bulk) susceptibility which prefereatially measures the higher
Tc compaonents. Altematively, using equation (6) for NbzSn
and the result 2A /kgTe = 4.45 when T = 17.7 K umplies
wiy = 137 K. If we assume that wy, only weakly depends
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Figure 11. The effect of hydrostatic pregsure on the Sommerfeld
consfant taken from the data from Lim er al [45).

on strain, the swong-coupling contribution to «(s) only
changes by ~5% over the range of strain (or 7¢) that we have
measured. Itis shown below that the change in y is probably an
order of magnitude higher (~50%) than the strong- coupling
contribution. Given the large uncertaintics in both quantities,
we shall concentrate on considering y(¢): although there has
been controversy over Lhe value of 3 for NbsSn [44-47],
there is now reasonable consensus that 1.176 x 107 Jm=3 K2
(52.4 mJ K2 mol™') is a typical value for single crystals
(48]). In figure 11, the change in y(g) as a function of 7¢
produced during hydrostatic pressure measurernents by Lim
et al is shown. The data can be approximated by the straight
line:

y(e) = 111Tg(e) — 1116, (15)

We shall make twa bold assumptiens. The fivst is|that the
relationship between y(g) and 7¢(g) in NbsSn is independent
of the type of deformation. Although, it is well known that
uniaxial strain has a much larger effect on 7¢ than hydrostatic
strain [49], within the BCS framework, the assumption is
equivalent to attributing the effect on 7¢ of any deformation (o
changes in electronic rather than phononic properties. The
sccond assumption s that the lincarity found in figure 11
for a change in 7¢c of ~0.4 K holds for the change in T¢
of nearly 4 K found in our measurements. These assumptions
are borne out of a dearth of y(¢) data available for high-field
superconductors—rfor example, to our knowledge, there are
no heat capacity data on any high-field superconductor as a
function of uniaxial strain. The data in figure 7 can be used
to calculate a prediction for the uniaxial strain dependence of
y (&) as shown in figure 12. AlJso shown in figure 12 is @(#)
as a function of applied strain derived from lincar fits to the
dala at individual strains in the middle panel of figure 10. To
within the accuracy of our measurements and the extrapolation
and assumptions used in considering data in the hiterature, we
conclude that for this MJR material a(e) and y(g) show a
similar applied strain dependence when m is in the range 2--3.
In figure 12, y(s) has been multiplied by 3.8 x 1072, so when
m=72

a(e) 3 x 10 uoy (o). (16)

Equations (16) and (11) together imply that A* ~ 3 x 1073
(i.e. independent of T and £) which is consistent with the
pinning framework of Dew-Hughes [16} and equation (5).
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critical ficld generated from the Kramer analysis of the data for the

Nb,Sn strand over the technological applied strain range —0.45% <

£ < 0.45%. The inset graph shows the data obtained over the entire

range of strain.

In figure 13, we have considered equations (1) and (10) for the
technological regime in detatl (the entire data set are shown
in the inset) and hence explicitly included y(g). We again
find extremely good linearity consistent with the functional
form proposed. Finally, if onc notes that the current flow
is predominantly in the superconducting layer of the strand
and that the layer accounts for about 30% of the fotal cross-
sectional area, the volume pinning force {Fp(s/cy) within the
NbiSn superconducting filaments can be described in terins of
superconducling parameters in the form

! BT . &)

b D201 — by
100 (271 Po) 2 puor (7. ) (1=5)

Fespo) = (17)

5.2.3. The Ginzburg—Landau parameter. Equation (9) can
be used to give expressions for the strain dependence of the
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Ginzburg—Landau parameter at 7= 0 and 7 = T¢:

N

)]

(18)

B (0) {1 1 ( 2A
12y 1 2(6) Tee) S \kgTc

x(0,¢) =1.03

and [16]

(T £) = k(0. b)% (19)

For the MJR material, using v = 1.374 gives at zero applied
strain «(0, 0) ~ 45 and x(T¢.0) ~ 31 which are consistent
with typical values in the literature.

5.3. Technological parameterization of Ji(B, T, €)

The values of o (), T(¢) and B, (0, &) in equation (14) can
be parameterized using fourth-order polynomial functions [16]
where
a(er)
TC (£1)
Bey(0, &)

and ¢, are constants. We have used a least-squares fit using
Solver in the Microsoft Excel software package to optimize
the constants ¢,, v and v (and chosen to set p = 1/2
and g = 2—although this constraint is not required). The
parameterizations of «, T¢ and Bes are described in terms of
intrinsic strain &), and the applied strain ¢, where gy = ¢ — g4
This has the effect of setting ¢; to zero and incorporating
the degree of freedom in £y. Furthermore, the value of
&y was constrained to be identical for all three parameters
without significant loss of accuracy—again this constraint
is not required. The accuracy of the parameterization is
unaffectcd by whether the strain-dependent variables are
parameterized using applied strain direcitly or intrinsic strain.
Intrinsic strain is more useful since there is evidence that
although the spring (material and design) on which the strand
is soldered affects the value of £, to a first approximation
the intrinsic strain dependence is unaffected [SO). The group
in Twente is developing a parametenzation of Bey(e) based
on detailed physical considerations of the affect of strain
in three dimensions which may ultimately replace the non-
physical polynomial fits used in this work [51]. However,
we have not used this patametcrization as yet, because in the
current standard form, 8Bc;(8)/de monotonically increases
with increasing compression which is not consistent with. the
data in figure 7.

The constants in tables 1 and 2 together with equations (4)
and (14) can be used to generate Jg. Beyond the B-T-&
pbase space specified for the coe(fcients, the paramelerization
becomes inaccurate. Table 1 gives a parameterization for the
Nb3Sn strand which has been restricted to the phase space
of most interest to magnet design engineers. It describes the
I data obtained to a typical accuracy of ~14 A. In table 2,
equivalent data are presented for NbyAl using data generated
in previous work [16]. A comparison and interpretation of
the ¢, cocficients for Nb3Sn and Nb,Al are discussed below.
Coefficients that parameierize the NbjAl and NbzSn data
throughout the entire range measuared have also been calcnlated
(not shown) in which the accuracy of the parameterization
significantly decreased to typically ~6 A.

= Co+C18y + Caft + 8] + CaEy (20)

Table 1. Free parameters in a tourth-order polynomial description
of the strain-dependent variables a(g(), T(e1) and B, (0, #1) for
Nb3Sn in terms of intrinsic strain where £, = £ — £,y To convert
from engineering critical current density (Jg) to critical current (/¢),
one need only muluply all the coefficients for a(¢y} by the
cross-sectional area (1.96 x 107 m?). Data were fitted {or /¢ greater
than S A in the applied strain range —0.45% < £ < 0.45%. at
lemperatures 4.2, 6. 8 and 10 K at all fields measured. The
remaining constants n, p, ¢ and v in the parametenzation have the
values 3.38. 3, 2 and 1.2515 respectively. An Excel spreadsheet
showing the use of these coefficients is available at
htip://www.dur.ac.uk/superconductivity.durham/iterdata.html.

Strayn-dependent

parameters o(e) B0, g))  T&y)
Eanan (%) 0.2070 0.2070 0.2070
¢y 301 x 1077 28.10 18.55
Cy O 0 0

¢ 5239 %1077 —23.77 ~7.451
a 9.708 x 1077 —11.81 —11.06
¢4 7.286 x 1077 3712 -7.658

Table 2. Free patameters in a fourth-order polynomial description
of the strain-dependent variables e(ey), Ti.(61) and B,(0, &) for
NbyAl in terms of intrinsic strain where g = £ — ¢4 taken from
[16]. To convert from engineering critical current density (Jg) to
critical current (/c), one need only multiply all the cocfficients for
a(e)) by the crass-sectional area (5.28 x 1077 m?). Data were fitted
for I greater than S A in the applied strain range —0.67% < £ <
0.67%, at lemperarures 4.2, 6, 8 and 10 K and at all ficlds measured.
The remaining constants n, p, ¢ and v in the parameterization have
the values 3.1286, %, 2 and .28 respectively. An Excel spreadsheet
showing the use of these cocfficients is available at
hup://www.dur.ac.uk/superconductivity.durhamviterdata. homl.

Swrain-dependent

parameters aleq) B0, ey)  Tlen
Emax (%) 0.1389 0.1389 0.1389
o 5.357 x 1077 24.33 16.24
c, 0 0 0

o 7068 x 10 3124  —1.178
I —1.015 x 1077 0.9159 0.1057
s ~1211 %1077 1.839 0.06231

6. Discussion

Despite the enormous academic interest in high-temperature
superconductors (HTS), Chevrel phase superconductors and
MgB,, there is no doubt that at present the most important
useful materials in the large commercial/technological
markets such as MRI body scanners, particle accelerators,
fusion coils and high-ficld research magnets are NbTi and
A5 materials (notably doped-Nb3Sn and NbsAl) {52, 53]. Jg
in these important materials can be accurately approximated
using scaling laws. Nevertheless, it remains to be seen to
what degree the scaling laws capture the underlying science.
For the Nb3Sn repotted here, there is a significant diflcrence
between the two scaling laws for B¢ measured resistively and
detcrmined as a free paramcter from the Fp scaling law (cf
figures 4 and 6). There are Sn gradients in these technological
strands that lead to distributions in T¢ and Bcy [54). In
this context. one can interpret the low-Be; values derived
from the Kramer plots as characteristic of an average for
the filaments or perbaps the local Bea in the region of the
pinning siles and the higher values of B¢, from the resistive
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measurements as characteristic of those parts of the filaments
with the highest superconducting critical parameters. One
should also consider whether the form for the field dependence
of the scaling (i.e. equation (1)) prejudices the fitted values
for Bey to below the thermodynamic upper critical field.
In light of the strong evidence for the importance of the
irreversibility field (B,;) in HTS matenials, Chevrel phase {55]
and MgB; superconductors [56), non-pinning mechanisms
such as thermal activation may also ptay an important rofe in
determining BEF™ (T, £) in A15 materials. If the resistivity
data provides the comrect value for Bey, we must consider
whether Fp scaling is simply a reasonable approximation
of a more general non-scaling law and hence Fp scaling
does not accurately describe the mechanism that determines
Je.  In this context, the work on HTS matenals [$7, 58]
with high Jg [59. 60] suggests that explicitly including the
irreversibility field may help provide an accurate description
of Jg. However, despite the continuing improvements in the
quality of HTS conductors and the enormous effort directed at
concepts such as collective pinning [61], tlux creep [62, 63)
and the irreversibility field (64, 65] we are far from any clear
theoretical consensus on how to parameterize Jg in HTS. In
this paper we have ignored the complexities highlighted by
HTS work in light of the vast body of expesimental data on
technologically important Jow-temperature superconductors in
the literature that are accurately described by scaling laws.
We have set aside the issue of whether Bé"”“”(T, £) should
be considered an upper critical field or an icreversibility
field and whether there is a significant difference between
these fields in NbsSn (66, 67). Rather, we have focused
oun how to improve the accuracy and utility of the scaling
faw for Fp in the technologically important part of B—T-¢
phase space (and constrained By using equation (4)) since
even as a better understanding of high-field superconductors
develops, trom a magnet cngineenng perspective the accurate
parameterization provided by the proposed scaling framework
may be retained within a better understanding of the free
parameters—particularly Bey. p and ¢.

We have made the working assumption that the critical
current data canp be accurately parameterized using a|scaling
law given by equation (5). When m = 0, and A* is a
constant, the form for Fp is given by the well-known Fietz—
Webb scaling law widely uscd in the literature to deseribe
the field and temperature dependence of Jg for many different
superconducting materials. However, (o describe the field,
temperature and strain dependence of Jg. for the modified jelly-
roll data studied here (and for bronze-route NbsSn and Nb;Al),
A* must vary as a function of strain [14, 15]. Fucthermore, i =
0 is not really justifiable given (hat the essence of any pinning
mechanism is that the energy of the system is dependent on the
spalial distribution of the fluxons within the superconductor
and hence any mathematical description of pinning within
the Ginzburg-Landau framework must inclade thesel energy
considerations and hence both Bey and « [14, (5] Also
m = 0 does not give the best fit 1o the data (cf figure 10). For
technological purposes, it is important that the functional forin
used for Fp is sufficiently general to incorporate the important
underlying science and paramcterize the data as accurately as
possible over as wide a range of magnetic ficld, temperature
and strain. We have considered equation (5) because it is
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consistent with much of the historical experimental data, many
of the theoretical flux pinning models proposed and the more
recent Jg(B, 7. ¢) data. However, the functional form will
have reduced utility either if an unreasonably large range of
measurements are required to find the free parameters or if
there are so many free (correlated) parameters that the best
fits give meaningless constanls which are, (or example, very
sensitive to small changes in the range over which the data are
fitted. 1n the latter context we suggest that the previous data
sets for bronze-route NbaSn {14, 15], jelly-roll NbsSn (21, 22]
and Nb3A} [16] can be parametenized making the assumption
that m = 2 without losing significant accuracy. [ we assume
that the scaling law has the form of equation (5) where A*
is a constant and that the expression for « (equation (9))
is valid, then the scaling analysis (figure 10) demonstrates
that m = 2 provides the best fit. [f we have a more Jimited
data set, we find a larger range ¢f m and n values it the
data equally well. Hence we suggest that setting m = 2 s a
reasonable approach for parameterizing data for technological
strands because it eliminates one of the free parameters
while retaining an accurate parameterization of available data
and bence facilitates interlaboratory comparisons. Over the
technological range where n = 2.53 (cf figure £3), we note that
if we assume = 5/2, A has dimensionless units, Comparison
with the Summers relation shows that the proposed scaling
Jaw includes an additional factor of Tg(ﬁ)—not included
in Summer’s work. This factor is clearly important for
example in trying to understand the affect of radiation on Jg
in conjunction with studies where the Sommerfeld constant
(y) [68]. resistivity [69] and the critical temperature [70, 71]
have been measured as a function of radiation damage. The
widespread utility of Summers’ torm for Fp is consistent with
the form proposed for Fp since in principle T2 () (as well
as the strong-coupling correction—cf equation (11)) could be
incorporated into a(£) in equation (10).

In considering the ¢, coelficients givenin table 1 for Nb:Sn
and in table 2 for Nb3Al, one can broadly interpret ¢y as the
maximum value of the strain-dependent variable when the
intrinsic strain is zero and &, as the precompression exerted
on the Rlaments as the composite strand cools 1o cryogenic
temperatures.  Such simple interpretation is not possible
lfor higher order coefficients because of the simplicity of
the polynomial parameterizations and the strong correlations
between the a(e)), To(er) and Be,(0, £1) and the constants in
the fits. For example, if we parameterize a(ey) for NbsSn over
the range —0.45% < £ < 0.45%, we {ind 2 positive value for
¢, consistent with the small minima when £; = 0. However, if
we parameterize the data over the full strain range, consistent
with the broadly inverted parabola shown in figure 12, ¢; is
of similar magnitude but changes sign. Despite reservations
about any detailed interpretation of ¢;, comparing the values
of ¢2/cq in table | with those in fable 2. we find that they are
typically more than a factor § higher in NbaSn than in Nb3 Al
Hence in the context of this work, the higher strain sensitivity
of Jg in Nb3Sn occurs because its Sommerfeld constant is more
strain sensitive which directly affects o and (consistent with
BCS and G-L theory) means that T¢ and Bep arc more strain
sensitive.

Finally. we note that it woulc help the development of
new superconducting strands if the number of measurements
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nceded to properly parameterize Jg could be reduced. It is
known that for a wide range of different Nb3Sn conductors.
the normalized intrinsic strain dependence of T can be
well approximated by a universal curve [15). This opens
the possibifity that one can specify Z¢(e) with fay fewer
measurements. Equally, if a larger data base shows that there
are other universal relations for example say between Be»(0, £)
and T¢(e) as shown in figure 8, it may become possible to
reduce even further the data that are required to specify with
reasonable accuracy the Jp(8, T. ¢) surface.

7. Summary and conclusions

Detailed mcasurements of the critical currcat density of a
modified jelly-toll NbsSn strand have been completed in the
applied strain ranges. —2.15% < ¢ < 0.45% for 4.2/ K and
—1.6% < ¢ < 0.45% above 4.2 K, in the temperature range
4.2 K £ T < 20 K and the magnetic field range up to 15 T.
Scaling laws were found for both £p and B¢,. The Fp data were
accurately parameterized using a functional form justified for
both strong and weak coupling. The functional form includes
To(e)(1—1%)
By (T,6)

and strain dependence of [
more free variables.

The proposition in this paper is that for technglogical
purposes, Jg data can be uscfully parameterized using

B (T, £)1"2
(27 D) V2 a0

2 .
a factor [ |°, which helps describe the temperature

{

2 . o
e £]] without the addition of any

Fp = a(e)[Te(e) (1 — D] bP(1 =5 (13)

and
BeaT. &) = Bea(0, &)1 — 1], 4)

The constants n, p g and v and the strain-dependent variables
a(e), T(&) and B, (0, &) have been found for a MJR Nb3Sn
strand and compared to equivalent values for a NbjAl strand.
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